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SOLUTIONS OF PROBLEMS. 185 

Letting n approach + °o , we get, on account of (ii), 

m ~ J^h? + WTW + (^TI? + ' " * t0 infinity - (2) 

To show that (2) is a solution of (1), we observe that the series converges uniformly with 
respect to x over the right hah plane including the axis of imaginaries, since | x + n | > n. 
Hence, 

f* +1 f(x)dx = (^ -^l^) + (-^ - -^ ) + ••■ = -Lj, 

for any path of integration lying in the above region. 

The series (2) may be summed by means of the gamma function. Thus integrating between 
the limits from to x, we have 

f>^ = (j-x^i) + (i-^h) +— s >^- 

Since S is uniformly convergent, 

X^ = {f-log(l + f)} + {l-log(l + l)} + ... 

= -l g[{e-<*m(l+!)jje-<*/»(l +!)}...] 

= ~ M 1X^5 ) = log r(a; + X) + 7X - 
Hence, 

/W-§-;£D*rC + l>]. 
The general solution of (1) subject to (i) but not to (ii) is now seen to be 
f(x)=^ 2 logT(.x + l)+±<i>(x), 
where <f>Q> + 1) = <£(&)> and, therefore, <£(#) is any analytic function admitting the period 1. 

Also solved by W. R. Ransom and the Proposer. 

414. Proposed by c. N. SCHMALL, New York City. 

Among spherical triangles having the same base and equal altitudes, show that the isosceles 
triangle has the greatest vertical angle. Show that this is also true for plane triangles. 

Solution by W. J. Thome, University of Detroit. 

ABC is any spherical triangle. BD is a great circle arc perpendicular to AC. The angle B 
is broken up into two parts, L and (B — L), and the corresponding opposite sides are I and 
(6 — l). Suppose B moves around on a small circle concentric with AC. Then BD remains 
constant in value. 

In the A ABD, cot L = sin a cot I, and in the A BDC, cot (B — L) = sin a cot (6 — I). 
Now B = L + (B — L) = cot -1 (sin a cot I) + cot _1 (sin a cot (6 — I)). 

Differentiating, b 



dB 

-==- = sin ( 

al 



f - CSC 2 l esc 2 (& - I) 1 

Sma Ll + [sin a co«P + 1 + [sin a cot (6 -I)] 2 }' 

This evidently gives : 
if 6 = 21, AB = BC and the A is isosceles. 



which is if 6 = 21. This evidently gives a maximum value of B. But 
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For the plane triangle, let ABC be any plane triangle. BD is a ± to AC from B. The 
vertex B may move anywhere on the straight line EF which is parallel to AC, thus keeping the 
altitude BD constant in value. The angle B is broken up into the two parts L and (B — L) and 
the corresponding opposite sides are I and (6 — I). 

In the A ABD, tan L = l/a and in the A BDC, 



tan (B - L) 



b -I 



Now 




B = L + (B - L) = tan- 1 (l/a) + tan-' - 



Differentiating, 



dB 
dl 



= a b 



+ Z 2 a 2 + (b 



[b-iyi 



which is if 6 = 21, giving a maximum value of B. But if b = 2£, AB = BC and the triangle is 



Also solved by M. R. Gaffet. 

MECHANICS. 
326. Proposed by Clifford n. mills, Brookings, South Dakota. 

A uniform beam, of length 21, rests in equilibrium against a smooth vertical wall and upon a 
peg at a distance a from the wall, show that the inclination of the beam to the vertical is 



'(?)'• 




Solution by H. S. Uhler, Yale University. 

In order to obtain the given inclination it is necessary to assume that the reaction of the 
peg is normal to the beam, for, if this be not the case, the beam may be in 
, equilibrium on various slants depending upon the value of the coefficient of 
; friction. 

The necessary and sufficient condition for static equilibrium is that the 
lines of action of the three forces acting on the beam pass through a single 
point, I. These forces are obviously the weight of the beam, W, acting 
"" jj-|" —+ B vertically downward, the horizontal reaction of the smooth wall, jB, and the 
normal reaction of the peg, B'. BC =^CF = I. DF = o. P = peg. Let 
FP =m and FI = n. Since IP and PD are, respectively, the perpendiculars 
dropped from the vertices of the right angles upon the hypotenuses of the triangles CIF and 
FPI we have n 2 = Im and m 2 = an, so that a a /m 3 = a/l or a/m = (a/l) l 'K But i = sin -1 (o/m) 
= sin -1 (a/Z) 1/3 , as required. 

Also solved by A. M. Harding, L. A. Warren, G. Paaswell, Paul Capron, 
O. S. Adams, and Horace Olson. 

327. Proposed by C. N. schmall, New York City. 

An inclined plane makes an angle <p with the horizontal plane, and from its foot a body is 
projected upward at an angle \j/ to the plane, and with a velocity v. Show that it will strike the 
plane perpendicularly if tan ^ = § cot <p and that its range up the plane in this case will be 

2i? sin <p 



0(1 + 3 sin 2 v>) ' 



